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We p r o p o s e  a method  of c o n s t r u c t i n g  d iscont inuous  solut ions  fo r  non l inea r  p r o b l e m s  in the 
t h e o r y  of heat  conduct ion .  The method  is a modi f ica t ion  of the pivot  methods  for  the so lu-  
t ion of l inea r  b o u n d a r y - v a l u e  p r o b l e m s .  As an i l l u s t r a t ion  we p r e s e n t  n u m e r i c a l  so lu t ions  
of two p r o b l e m s .  

1. Let  us examine  the  fol lowing l i nea r  b o u n d a r y - v a l u e  p r o b l e m :  

qg"+c2g' + c ~ + c ~ =  0, c~ =c~(x), xE(a, b); 

(%y + ~oV')I~=~ = v0, (a~v + ~,v')l~=b = v~. 

The solut ion of this  p r o b l e m  can be  c o n s t r u c t e d  by the pivot  method  [1, 2]. 
by  a s y s t e m  of f i n i t e - d i f f e r e n c e  r e l a t ions  

Y k - i - - 2 g ~  + Yk+t + c k g~+: - -  Yk-i k C k 2 + c3 gh + c~4 = O, 
h ~ 2h 

(I) 

(2) 

Having a p p r o x i m a t e d  (1) 

(3) 

w h e r e  c k = ei(xk), Yk = Y(Xk)' Xk = a + kh, 1 -< k -< n -  1, we can  de r ive  the f o r m u l a s  fo r  the pivot  coef f i -  
c ien t s  

- --  - - h c 3 ]  = c ~ + - -  hc~ I ~ h k a' [ 2c~ akr-l ( c~ -~ / ] 2c2, 
(4) 

[ ( hck ) 2k]  ak-l(c~l h ~)+hZc~. 2c -d -1 - h e 3  = , 

The f o r m u l a  fo r  the r e v e r s e  p ivot  
k a~ (5) Yu ~ aag~+x + 

with the coef f ic ien t s  a k and a k, which can be ca l cu l a t ed  a c c o r d i n g  to (4), y ie lds  a solut ion fo r  the b o u n d a r y -  
va lue  p r o b l e m  (1) and (2) tha t  is c o r r e c t  to o(h). 

In solving the b o u n d a r y - v a l u e  p r o b l e m s  by the pivot  method  (3)-(5) the fol lowing condi t ions  a r e  s igni f -  
icant :  f i r s t  of all,  the solut ion of (1) is a s s u m e d  to be con t inuous -d i f f e r en t i ab l e  on (a, b); secondly ,  the 
ca lcu la t ion  of the p ivot  coef f ic ien t  in a c c o r d a n c e  with the r e c u r r e n t  f o r m u l a s  (4) or  the ana logous  f o r m u l a s  
(see [2]) a s s u m e s  knowledge  of the f i r s t  coef f i c ien t s  a~ and a~ which a r e  found f r o m  the l e f t -hand  bounda ry  
condi t ion .  In the g e n e r a l  c a s e  this  can  be done only when at l eas t  one of the boundary  condi t ions  is l inea r .  
In sec t ion  2 we c o n s t r u c t  a modi f i ca t ion  of the p ivot  me thod  by m e a n s  of which it b e c o m e s  pos s ib l e  to r e -  
m o v e  these  l imi ta t ions .  

2. We have to f ind a solut ion fo r  (1) to sa t i s fy  bounda ry  condi t ions  of the gene ra l  f o r m  

,~o (Vo, vo, v . ,  v,~) = o, % (Vo, v;, y~ y;) = o. (6) 

M o r e o v e r ,  with a f ini te  n u m b e r  of points  ~pE(a, b) the solut ions  and i ts  de r iva t ive  m a y  expe r i ence  d i scon-  
t inui t ies  which a r e  d e s c r i b e d  by the fol lowfng l i nea r  condi t ions :  

all - ' P "-- b p ; + gk ~al~gk =brig+ + i2vk +c~, (7) 

a~l g-[ + a~g~- " + P " + c" = b21gk + b22Yk + 2, P = I, 2, 3 , . . . ,  m, 
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w h e r e  Yt~ =Y(Xk ~- 0), y ~  = y ' (x  k -T 0). 

We note  that  at  the  point  ~p Eq. (1) l o se s  s ign i f icance  and, of cou r se ,  cannot  be sa t is f ied;  the coe f -  
f i e ien t s  ci(x) at  the poin ts  m a y  t h e r e f o r e  a l so  expe r i ence  d iscont inui t ies .  Replac ing  3~k by the f in i t e -d i f -  
f e r e n e e  e x p r e s s i o n s  y~- = g~_ ~-- 4gh_ , + 3g~- 

2h + o (h), 

v+ = - v~ + 4v~+, - 3v~+~ + o (h) 
2h 

and using formulas (5) of the reverse pivot for the point x k = }p + h, we can bring (7) to the form 

p - -  A p . + Allg~ + 12g~ =B~Yk+2+ D~, 

A p - ~ A p" + P + D~. 21 ~'k T 22yk == B2yk+2 

It  can be  d e m o n s t r a t e d  that  in al l  c a s e s  of p h y s i c a l  s ign i f icance  the de t e rminan t  of this  s y s t e m  does not 
van i sh  iden t ica l ly  with r e s p e c t  to the step into which the s e g m e n t s  [~p, ~p+t] of the in te rva l  (a, b) have been  
s e p a r a t e d .  With solut ion of the s y s t e m  we de r ive  the f o r m u l a s  of r e v e r s e  pivot  fo r  the point  x k = ~p 

V~ ~ a ~ (S) =a,pgk+z+ 2p, P = I ,  2 , . . . ,  m. 

Unlike (4), the coef f i c ien t s  a~:n; a2~p a r e  funct ions  not only of the pivot coef f ic ien ts  that  have been  calcula ted,  
k+l k+2 ~ o + but a l so  of a~ , a 2 . The  l a t t e r  a r e  found f r o m  ( 8 ) , ( 5 ) , a n d  (4) , as  well  as  f r o m  Eq. (3) f r x k = ~  p hp+ I. 

The  r e c u r r e n c e  f o r m u l a s  de r ived  in this  m a n n e r  for  the pivot  coeff ic ients ,  in conjunct ion with (8), make  it 
pos s ib l e  to pas s  t h rough  the points  }p of the solut ion d iscont inui t ies  d e s c r i b e d  by (7) without r e s o r t i n g  to 
i t e r a t ions .  

Let  us  now tu rn  to the bounda ry  condi t ions  (6). Having in t roduced  the notat ions y~ = a Yn = P and 
a s s u m i n g  a to be  known, we find the e x p r e s s i o n s  for  the f i r s t  pivot  coeff ic ients :  

h c ~ - - 2 a ( c l  + h , 2 c2)  a ~ = 1 + h2 c~ aO2_ h \ 

2 cl + hcl~ ' 2 c~ + hc~ 

Having subs t i tu ted  these  e x p r e s s i o n s  into (4), we note that  all a k a r e  not funct ions  of a, while a k a r e  l inea r  
funct ions  of 

a k 2 = ~ka + ~h, Xk 4 = ~p. (9) 

I t is ea sy  to d e m o n s t r a t e  that  t hese  p r o p e r t i e s  a r e  a l so  p r e s e n t  in the coef f ic ien ts  a~p, a2~. 

o,5 o 

Fig. 1 

2 x 

Fig. 2 

Fig .  1. The  funct ional  of in t eg ra l  nonad jus tment  as  a funct ion of the p a r -  
a m e t e r  5 and the i t e ra t ion  n u m b e r .  

F ig .  2. I n t eg ra l  c u r v e s  yk(x) as  a funct ion of the i t e ra t ion  n u m b e r .  
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Hence  i t  fo l lows  tha t  the  so lu t ion  of the  b o u n d a r y - v a l u e  p r o b l e m  (1), (6), and (7) can  be  p r e s e n t e d  in 
the  f o r m  

v~,=• c~ +• +• k = o ,  1, 2 . . . . .  n. (lO) 

F o r m u l a  (10) i s  a g e n e r a l i z a t i o n  of the  r e v e r s e - p i v o t  f o r m u l a  fo r  the  c a s e  of d i s c on t i nuous  so lu t i ons  s a t i s -  
fy ing  the b o u n d a r y  cond i t i ons  of the  g e n e r a l  f o r m ,  i . e . ,  Eq.  (6). The  c o e f f i c i e n t s  ~k  a r e  e x c l u s i v e  funct ions  
of the  c o e f f i c i e n t s  in Eq.  (1) and the  d i s c o n t i n u i t y  c ond i t i ons  (7), and they  can  b e  c a l c u l a t e d  f r o m  the r e c u r -  
r e n t  f o r m u l a s :  

~--- a l  •  "9F k- - I  k-- I  k 6 k - - I  

X k ~ -  ~p:  

• = ~=~ ~+2 - :~ = a ~ • _ 5y; 
n n n •  •  •  

We wi l l  now c h o o s e  the  p a r a m e t e r s  c~ and fi so  tha t  the  fo l lowing  s y s t e m  of equa t ions  ( s e e  (6) and 
(10)) i s  s a t i s f i e d :  

2 ~ + •  = 0 ,  
2h ] 

(11) 

% ( •  + • 8 + • 8, ~ + ~ #  + ~3_~ = 0 
\ 2h / 

The  func t ion  y (x ) ,  c a l c u l a t e d  f r o m  (10) fo r  oz and P, s a t i s f y i n g  s y s t e m  (11), in t e r m s  of i t s  c o n s t r u e  Lion i s  
a so lu t i on  of the  b o u n d a r y - v a l u e  p r o b l e m  (1), (6), and  (7). Let  us  s u m m a r i z e  the  r e s u l t s  ob t a ined  h e r e .  
The  b o u n d a r y - v a l u e  p r o b l e m  for  (1) in con junc t ion  wi th  (6) and (7) can  be  s o l v e d  by  s o m e  m o d i f i c a t i o n  of 
the  p ivo t  method ,  and  on the  f i r s t  p a s s  we c a l c u l a t e  the  c o e f f i c i e n t s  a k, Tk '  and 6k; in the  s e c o n d  p a s s  we 
c a l c u l a t e  the  c o e f f i c i e n t s  ~<k, wh i l e  in the  t h i r d  p a s s  - in the  r e v e r s e - p i v o t  f o r m u l a s  (10) - we f ind the  s o -  
lu t ion  fo r  Y(Xk). We wi l l  d e m o n s t r a t e  in s e c t i o n  3 how the  c o n s t r u c t e d  a l g o r i t h m  can  be  u s e d  to f ind the  
s o l u t i o n s  fo r  the  q u a s i - l i n e a r  equa t i ons .  

3. Le t  us  e x a m i n e  the  b o u n d a r y - v a l u e  p r o b l e m  for  the  q u a s i - l i n e a r  equa t ion  

L[g] ~ qg" + czg' + Cag + c 4 = O, c i = Q(x, g, g') (12) 

u n d e r  cond i t i ons  (6) and (7). The  so lu t i on  of th i s  p r o b l e m  can  b e  c o n s t r u c t e d  by  m e a n s  of s o m e  i t e r a t i o n  
p r o c e s s  which  u s e s  the  p ivo t  o p e r a t o r  P as  the  i t e r a t i o n  o p e r a t o r .  P i s  u n d e r s t o o d  to r e f e r  to the  o p e r a t o r  
fo r  the  c o n s t r u c t i o n  of the  so lu t i on  of the  b o u n d a r y - v a l u e  p r o b l e m  (1), (6), and  (7): 

gl = p [g0], 

w h e r e  (1) i s  a r e s u l t  of the  s u b s t i t u t i o n  of the  func t ion  y0 (x) in to  the  c o e f f i c i e n t s  of (12). The  a l g o r i t h m  for  
the  i t e r a t i o n  p r o c e s s  i n v o l v e s  the  fo l lowing .  Le t  us  c h o o s e  o r  c a l c u l a t e  s o m e  s - t h  a p p r o x i m a t i o n  of yS to 
s a t i s f y  o r  not  s a t i s f y  cond i t i ons  (6) o r  (7). Let  us  e x a m i n e  the  s i n g l e - p a r a m e t e r  f a m i l y  of func t ions  

g'(x,  6 ) = g s + 6 ( P [ g q - - g O ,  6 E ( - - o a ,  ~ ) .  (13) 

F r o m  (13) we w i l l  s e l e c t  that  e l e m e n t  yS(x, 5") which  y i e l d s  the  m i n i m u m  for  the  func t iona l  

b 1 

J=(3 (c (14t 
a 

It i s  t h i s  e l e m e n t  tha t  i s  t a k e n  a s  the  (s + 1) - th  a p p r o x i m a t i o n .  F o r  the  p r o x i m i t y  c r i t e r i o n  yS+t fo r  the  
so lu t i on  we a s s u m e  the quan t i t y  

A,+f = sup ] L [g~+~] t, G ~ {x I x E (a, b), x =/= ~v}' 
xr 

We no te  tha t  f r o m  the  v e r y  c o n s t r u c t i o n  of the  p r o c e s s  func t iona l  (14) i s  n o n i n c r e a s i n g  and i s  obv ious ly  
bounded  f r o m  be low by the  func t ion  of the  i t e r a t i o n  n u m b e r  s and  by  the  a r g u m e n t  [6 [ at  e ach  i t e r a t i o n .  The  
e x a m p l e  c o n s i d e r e d  be low can  s e r v e  a s  an i l l u s t r a t i o n  of the  f o r e g o i n g .  
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t E l E 
t, to 1,3t 

~ o / ~  

t, o t A . . . /  ~ . ~  

F i g .  3. F o r m  of the  i s o t h e r m s  in the  c r o s s  s e c t i o n  of a conic  s h e l l  
a t  the  i n s t a n t  T = 0.083 (the s h e l l  i s  m a r k e d l y  th i ckened)  (a) and the  
s t e a d y - s t a t e  d i s t r i b u t i o n  (b). 

We a r e  now c a l l e d  upon to s o l v e  the  b o u n d a r y - v a l u e  p r o b l e m  fo r  (12) wi th  the  c o e f f i c i e n t s  

c i = x  2, c 2 = 0 . 5 y ' ,  c a : 4 ( x  ~ - y ) ,  Q = 4 ,  xE[O, 1]; 

2 i 
c l = x  2, c 2 = - - ~ - ( 6 + Y ' ) ,  c 3 = x - - - - Y  ', c 4 = - - 1 3 ,  xC(1 21; 

3 
2 , I , 

cl=x'Z, Q =  ~-(V - -6 ) ,  c 3 = x + ~ - v ,  c ~ = 8 ,  xE(2, 31. 

F o r  the  b o u n d a r y  cond i t i ons  we a s s u m e  

vo = o, v. = 0.5. 

We wi l l  a l s o  r e q u i r e  the  s o l u t i o n  to s a t i s f y  the  fo l lowing  s y s t e m  of d i s c o n t i n u i t y  cond i t ions :  

y ( l - - )  =.q  (1-}-); y '  ( I - - )  = - - y ' ( l + ) - -  1; 

y(2--) = y(2+) -- 1.5; y' (2--) = 0. 

T h e  p r o b l e m  i s  s o l v e d  by the  m o d i f i e d  p ivo t  m e t h o d  wi th  i t e r a t i o n s .  F i g u r e s  1 and 2 show the  c u r v e s  j(k)v 
and yk(x) .  As  we can  s e e  f r o m  the  f i g u r e s ,  to  f ind the  s o l u t i o n -  even  when the  i n i t i a l  a p p r o x i m a t i o n  of 'y  0 
h a s  not  b e e n  p r o p e r l y  c h o s e n  - r e q u i r e s  no m o r e  than  6 i t e r a t i o n s .  

T h e  fo l lowing  func t ion  i s  an exac t  so lu t ion  of the  p r o b l e m -  

x 2 + l ,  xE[0, 11; 
y =  1 . 5 x ~ - - 6 x - l - 6 . 5 ,  xE(1, 21; 

- -1 .5x"  + 6 x - - 4 ,  x C ( 2 ,  3]. 

We no te  tha t  the  m o d i f i e d  p ivo t  m e t h o d  can  be  e x t e n d e d  e a s i l y  to the  e a s e  in which  we have  to f ind the  
s o l u t i o n  of the  b o u n d a r y - v a l u e  p r o b l e m  fo r  a s y s t e m  of q u a s i - l i n e a r  equa t ions  of the  f o r m  in (12). 

4. Le t  us  now t u r n  to  the  equa t ion  of hea t  conduc t ion .  We wi l l  d e m o n s t r a t e  how the  above  me thod  can  
be  a p p l i e d  to  the  so lu t ion  of a m i x e d  p r o b l e m .  F o r  s i m p l i c i t y  we wi l l  e x a m i n e  the  o n e - d i m e n s i o n a l  e a s e  

u t = ctuxs + c2u x + c 3, c i = Q (x, t, u, us). (15) 

T h e  so lu t i on  u(x, t) m u s t  s a t i s f y  at  each  i n s t a n t  of t i m e  t > t o Eq.  (15), the  i n i t i a l  cond i t ion  u(x, to) = r a s  
w e l l  a s  c e r t a i n  b o u n d a r y  cond i t i ons .  

~ [l, u (a, t), ux (a, t), u (b, t), us (b, t)l = 0, 
r [t, u (a, t), u~ (a, t), u (b, t), u~ (b, t)] = 0. 

M o r e o v e r ,  if the  t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  c, p, and k a r e  not  con t inuous  func t ions  of the  v a r i a b l e  x, 
a s  i s  the  e a s e ,  fo r  e x a m p l e ,  in s andwich  s h e l l s ,  the  so lu t ion  and i t s  d e r i v a t i v e  Ux(X, t) m a y  e x p e r i e n c e  d i s -  
c o n t i n u i t i e s  a t  c e r t a i n  po in t s  ~p E (a, b) .  If i t  i s  a s t e a d y - s t a t e  p r o b l e m  tha t  i s  be ing  s o l v e d  (u t ~ 0), w i t h -  
out any c h a n g e s  the  so lu t ion  can  be  found in the  m a n n e r  d e s c r i b e d  above .  H e r e  the  a r b i t r a r y  n a t u r e  of the  
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bounda ry  condi t ions  (6) makes  it poss ib l e  to p rov ide  for  any m e c h a n i s m s  of heat  t r a n s f e r  at the boundary  
of the region,  and the  g e n e r a l  l i nea r  condi t ions  of d i scont inu i ty  (7) include both the spec ia l  e a s e s  of the d i s -  
cont inui ty  condi t ions  fo r  ideal  and real ,  p a s s i v e  (i. e . ,  without  heat  sou rces )  and ac t ive  s u r f a c e  con t ac t s .  

The  solut ion of the nons teady  p r o b l e m  can  be found f r o m  the fol lowing impl ic i t  scheme:  

u i  - -  u i -1  
ctui~x + c2u]~ + c 3 -- 0, (16) 

h, 

w h e r e  c i = c i (x, tJ, uJ, u~.  

If the solut ion u j-1 -- u(x, tJ - ht) is known, uJ (x) is found by solving the b o u n d a r y - v a l u e  p r o b l e m  fo r  
(16), c o r r e s p o n d i n g  to the boundary  condi t ions  and the condi t ions  of d iscont inui ty .  This  can be a c c o m p l i s h e d  
in the m a n n e r  d e s c r i b e d  above.  As is well  known, the adopted impl ic i t  s c h e m e  is abso lu te ly  s table .  This  
makes  it pos s ib l e  to i n t eg ra t e  (15) with a v a r i a b l e  s tep h t, i . e . ,  to  sa t i s fy  any p r e s p e c i f i e d  a c c u r a c y .  

As an example ,  let us  examine  a plane p r o b l e m  of es tab l i sh ing  the equ i l ib r ium t e m p e r a t u r e  d i s t r i bu -  
t ion in a thin shel l  of conic  shape .  

The  d i m e n s i o n l e s s  equat ion has  the f o r m  

u~ = A (u~ + eu~ + du~r 

w h e r e  

m COS (1 m 2 
e =, , d = (17) 

1 + m ~ cos a (1 -t- m~ cos a) ~ 

The initial distribution was assumed to be uniform: u(~, r ~0) - 1. The shell is subjected to external 

radiation of constant intensity E; on the inside wall, in addition to the radiation interaction with the shield, 
we make provision for convection heat transfer. The boundary conditions thus have the form 

u~ (1, % ~) = BE cos a cos r - -  Cu 4, 

u~ (0, % ~) = % (u - -  .~) + ~ (u 4 - -  u~s), 

w h e r e  cos  q)= 0.511 + sin (cos q))]cos ~. 

Equat ion (17) was  r e p l a c e d  by a s y s t e m  of o r d i n a r y  d i f fe ren t ia l  equat ions  

A(u~+eu i+dU/ -~ - -2u / - t -uJ+~) - -Ou~-= O, ] = 0 ,  1 , . . .  N-~ ,u-~uN~ -~., 
h~ & ' 

and the b o u n d a r y - v a l u e  p r o b l e m  for  this  s y s t e m  was  so lved  in a c c o r d a n c e  with s c h e m e  (16) by the modi f ied  
pivot  method.  F igu re  3 shows the f o r m  of the i s o t h e r m s  in one of the c r o s s  sec t ions  of the shel l  for  Nro in-  
s tan ts  of t ime .  The  c u r v e s  in Fig.  3a pe r t a i n  to ~- = 0.083, while those  in Fig.  3b r e l a t e  to the s t e a d y - s t a t e  
t e m p e r a t u r e  d i s t r ibu t ion .  
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is the d i m e n s i o n l e s s  space  va r i ab le ,  r e c k o n e d  along the outs ide  n o r m a l  to the shel l  su r face ;  
is the angle  of ro ta t ion  about the axis  of the cone; 
is the d i m e n s i o n l e s s  t h e r m a l  diffusivi ty;  
is a d i m e n s i o n l e s s  p a r a m e t e r  c h a r a c t e r i z i n g  the th ickness  of the shetl ,  and it is  equal  to the 

r a t io  of the phys i ca l  t h i ckness  to the c h a r a c t e r i s t i c  d imens ion  of the cone; 
is the cone angle;  
a re ,  r e spec t i ve ly ,  the d i m e n s i o n l e s s  ab so rp t i v i t y  and emi t t ance  of the outs ide  shel l  su r face ;  
is the d i m e n s i o n l e s s  in tens i ty  of the inc ident  radia t ion;  
is the d i m e n s i o n l e s s  coef f ic ien t  of convec t ion  heat  t r a n s f e r ;  
is the d i m e n s i o n l e s s  cons tan t  t e m p e r a t u r e  of t h e  ga s  f i l l ing the shell ;  
is  the r e duc e d  e m i s s i v i t y  of the in t e rva l  be tween the ins ide  wal l  and the s c r een ;  
is the d i m e n s i o n l e s s  cons tan t  t e m p e r a t u r e  of the s c r e e n  nea r  the ins ide  shel l  s u r f a c e .  
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